Abstract: Recently, Bern et al observed that a certain class of next-to-planar Feynman integrals possess a bonus symmetry that is closely related to dual conformal symmetry. It corresponds to a projection of the latter along a certain lightlike direction. Previous studies were performed at the level of the loop integrand, and a Ward identity for the integral was formulated. We investigate the implications of the symmetry at the level of the integrated quantities. In particular, we focus on the phenomenologically important case of five-particle scattering. The symmetry simplifies the four-variable problem to a three-variable one. In the context of the recently proposed space of pentagon functions, the symmetry is much stronger. We find that it drastically reduces the allowed function space, leading to a well-known space of three-variable functions. Furthermore, we show how to use the symmetry in the presence of infrared divergences, where one obtains an anomalous Ward identity. We verify that the Ward identity is satisfied by the leading and subleading poles of several nontrivial five-particle integrals. Finally, we present examples of integrals that possess both ordinary and dual conformal symmetry.
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Introduction
Scattering amplitudes are fascinating objects that are important in collider physics, and at the same time are of theoretical interest, as their study allows to uncover novel features of quantum field theory. The maximally supersymmetric Yang-Mills theory (N = 4 sYM) has emerged as a theoretical laboratory for this. Many of the new ideas found there were later generalized and are being used for QCD calculations, for example. Despite enormous progress in finding new features of scattering amplitudes, and novel ways of computing them, the bulk of the progress was made in the planar sector of the theory. This is reflected by the fact that very few nonplanar amplitudes are known explicitly. At the level of integrated quantities, only the four-particle amplitude is known at two and three loops [1] . At the level of the loop integrand, the two-loop five-particle amplitude is known [2, 3] .
An important feature of planar scattering amplitudes in N = 4 sYM is that they have a hidden dual (super)conformal and Yangian symmetry [4] [5] [6] [7] [8] [9] [10] [11] [12] . Its discovery was instrumental for many further developments in the theory. It is an open question whether this symmetry also manifests itself in some form at the level of nonplanar scattering amplitudes.
Recently, Bern et al [13, 14] found that a certain class of nonplanar Feynman integrals have a bonus symmetry that is closely related to dual conformal symmetry. The class of integrals they consider can be called 'next-to-planar': these are graphs that can be made planar upon removing one of the external legs. In this way one obtains an associated planar graph, for which dual conformal transformations can be defined unambiguously. The authors show that the original 'next-to-planar' integral can still be invariant under a subset of dual conformal transformations, namely those projected along the direction of the lightlike momentum of the leg that was removed. We call this symmetry directional dual conformal invariance (DDCI). The rules for constructing integrands that are covariant under these transformations are very similar to the planar case, with a few new features. An important open question is how powerful this DDCI is.
The authors of [13, 14] also formulated Ward identities for this DDCI. For integrals having infrared divergences (ultraviolet divergences are excluded by the dual conformal power counting), the Ward identities are anomalous. In order to make use of them, the anomalous term has to be evaluated. This is to be contrasted with the case of planar amplitudes, where the anomaly is known to all loop orders [7] .
In the present paper we address these open questions. We investigate in detail the implications of the DDCI for the integrated quantities.
We discuss in general the construction of covariants and invariants of the DDCI, highlighting differences to the planar case. Then, we focus on the important case of five-particle integrals and amplitudes. The partial dual conformal symmetry eliminates one of the four dimensionless kinematic invariants, leaving three DDCI variables. We discuss different useful choices of theses variables. The reduction from four to three variable functions may not seem a very strong constraint. However, it becomes so when combined with the knowledge about the space of allowed integral functions. In Ref. [15] it was conjectured, based on the planar result of [16] , that nonplanar five-particle integrals evaluate to pentagon functions x 6 x 7 Figure 1 . Dual space for a planar graph and its nonplanar analog obtained by adding one leg.
characterized by a 31-letter alphabet. Here we show that only a subset of 10 letters is compatible with the requirement of DDCI along the direction of, e.g, leg p 3 . This drastically reduces the space of allowed functions. It turns out that the restricted 10-letter alphabet is well known from other studies [17] . In particular, it has appeared in the six-point fully dual conformal planar amplitude [18] . After this general investigation of the function space, we present a number of concrete examples of two-loop next-to-planar integrals. We want to demonstrate how they satisfy the (anomalous) DDCI Ward identity. The leading pole of a divergent integral is exactly DDCI. This is a nontrivial statement, since the leading poles of our integrals are given by sophisticated weight two and three hyperlogarithmic functions. We evaluate them and show that their symbols are expressed in terms of the 10-letter alphabet.
Furthermore, we analyze the structure of the anomalous DDCI Ward identity at the next, subleading level. To this end, we evaluate the leading term of the anomaly and compare it to the directional conformal transformation of the subleading term in the integral. We show perfect agreement of the symbols, now given by the full 31-letter alphabet.
The paper is organized as follows. In Section 2 we review the definition of dual conformal transformations for next-to-planar Feynman graphs, their most important properties, and the anomalous Ward identities. In Section 3 we analyze in detail the implications for the integrated functions, using five-particle scattering amplitudes as our main example. We conclude and discuss the results in Section 4. There are two appendices. Appendix A reviews the construction of conformal covariants and invariants, and then discusses the new features inherent to the subset of dual conformal transformations used in the nonplanar case. Appendix B contains examples of finite six-dimensional DDCI integrals.
Directional dual conformal invariance of next-to-planar Feynman integrals
The notion of dual conformal invariance (DCI) for a Feynman integral relies on its dual space description. For an integral depending on n external momenta p i (not necessarily lightlike), I(p 1 , . . . , p n ), the dual coordinates can be defined, e.g., as follows:
This is simply a way of solving the momentum conservation condition for the external momenta, it can be used for planar as well as nonplanar integrals. The difference between the two topologies appears at the level of the internal lines (propagators) involving the loop momenta. This is illustrated in Fig. 1 . The diagram on the left is planar, that on the right is nonplanar. The former can be obtained from the latter by removing the leg p 3 . 1 Equivalently, in terms of the dual coordinates we identify points x 4 = x 3 and obtain a dual space picture in which each dashed line connecting two dual points crosses one and only one propagator line. This guarantees that all the propagators can be put in the dual conformal form 1/x 2 ij . So, the expression for the left diagram is
Here we use a dimensionally regularized measure with D = 4 − 2ǫ, in case the integral diverges. If it is finite and D = 4, the dual conformal transformation of the measure compensates exactly that of the propagator factors at points x 6 , x 7 and the integral is dual conformally covariant. With an appropriately chosen numerator N pl (p i ), depending on the external points only, the integral becomes DCI. If divergences are present, the weights of the measure and of the integrand do not match and the symmetry becomes anomalous. This can be formulated as a dual conformal Ward identity,
where I is the integrand as a function of the external and internal dual points, and
is the generator of the special dual conformal transformations (boosts). In the nonplanar case the above construction is not possible. The diagram on the right in Fig. 1 explains why. We have added leg p 3 and pulled it out of the propagator frame, so that it takes its natural position between the dual points x 3 = x 4 . By doing so, we have split the middle propagator into two. The bottom half is crossed by the dashed line connecting the integration points x 6 , x 7 as before, and it is represented by the propagator factor 1/x 2 67 . However, the top half corresponds to a dashed line between points x 6 , x 7 that also crosses the new external line p 3 . Examining momentum conservation, we see that this implies a shift of the top dual line by p 3 = x 43 . Its propagator factor becomes 1/(x 67 + x 43 ) 2 and is not of the form 1/x 2 ij anymore. So, the DCI is lost for this nonplanar configuration.
The key observation of Refs. [13, 14] is that for this and similar nonplanar integrals one can preserve part of the dual conformal symmetry. It corresponds to projecting the boost generator with the shift parameter, in our case p 3 · K. Then one can show 2 that, if p 3 is lightlike, p 2 3 = 0, then
This means that the infinitesimal transformations with parameter εp µ 3 (with ε → 0) can be exponentiated and form a subgroup of the conformal group. More importantly, the shifted and unshifted propagators transform in exactly the same way, so that
We call this property directional dual conformal invariance (DDCI), meaning that the boost is projected on the lightlike direction of the external momentum p 3 . The integrand of the nonplanar diagram in Fig. 1 has the general form
It is clear that the denominator, made of propagator factors, transforms covariantly under the DDC boosts. However, the conformal weights at the loop integration points x 6 , x 7 have changed, compared to (2.2), because of the new shifted propagator. To match (or almost match in case of dimensional regularization) the weights of the measure, we need the numerator N np , which now depends on all the points. The rules how to construct numerators with the appropriate DDC weights are explained in Appendix A. Finally, we are in a position to formulate the DDCI Ward identity [13, 14] ( 8) or equivalently in terms of the momenta,
Our discussion easily generalizes to more legs and loops. However, one should bear in mind that the trick of preserving part of the DCI can only work for nonplanar graphs that can be reduced to planar ones by removing a single external leg. The reason for this is the key property (2.5): it will not work for more than one projection of the boost generator K µ . We call this class of graphs 'next-to-planar'. This may seem a rather restricted class but in fact it is not. Indeed, in Ref. [14] it was shown that all the two-loop four-and five-leg integrals of the N = 4 sYM amplitude are DDCI, each with its appropriate projection (p i · K). The list of DDCI integrals in [14] is not exhaustive, here we show many more examples.
We remark that equation (2.9) resembles the canonical differential equations that are expected for any pure function [19] . Traditionally, differential equations are derived using so-called integration-by-parts identities, which at present require considerable amount of algebra. One difference is that here, the fact that the r.h.s. is proportional to ǫ can be seen immediately, as it follows from the covariance of the integrand under the directional dual conformal symmetry. Therefore one can envisage using this equation also in situations that are not yet within the reach of standard IBP methods.
The main subject of this paper are the consequences of the (anomalous) Ward identity (2.9) for the integrated quantities. In order to extract useful information from it, one can consider the Laurent expansion in ǫ of both sides of the equation. It is important to realize that by construction, due to the dual conformal power counting, the r.h.s. is ultraviolet finite, and stays finite even with one inserted loop momentum. On the other hand, the insertion on the r.h.s. does not worsen the infrared properties of the integral. From this we conclude that the integrals on the r.h.s. have no worse divergences than the integral on the l.h.s.. Thanks to the additional presence of a factor of ǫ, we need to know the Laurent expansion of the r.h.s. to one order lower than then l.h.s.
In particular, it follows that the leading pole of the integrals satisfying (2.9) will be invariant under (p 3 · K). Often, leading poles of Feynman integrals are simple constants, so one might wonder whether this is a trivial statement. Indeed, for example, the nonplanar four-point integral in Fig. 1 in Ref. [14] has this property. However, here we will see that this is not always the case. It goes without saying that this argument also includes the case of finite integrals, which are invariant under the symmetry. This was already mentioned in [13, 14] , but no explicit examples were presented.
In Section 3.3 and Appendix B, we provide examples of DDCI integrals, both divergent and finite, and show that Eq. (2.9) holds for the first term in their Laurent expansion. In particular, we consider two-loop integrals whose leading poles are of lower degree than the typical 1/ǫ 4 , and therefore their coefficients are nontrivial functions satisfying the DDCI Ward identity.
Furthermore, in Section 3.4 we show how to use Eq. (2.9) to constrain subleading terms in the Laurent expansion efficiently. To this end, we use insights on the origin of the divergences of the integrals, in this way simplifying the calculation of the anomaly term on the r.h.s. of Eq. (2.9) considerably. This is very similar in spirit to the recent applications of conformal and superconformal symmetry to Feynman integrals [20, 21] .
Implications of DDCI for pentagon functions
In this section we analyze the implications of DDCI for five-particle integrals. Based on the knowledge of the one-loop and two-loop master integrals [16] in D = 4 − 2ǫ, in [15] it was conjectured that the five-point massless diagrams evaluate to pentagon functions characterized by a 31-letter alphabet. We specify the DDCI subspace in the space of the pentagon functions. Then we provide several examples of two-loop integrals whose leading poles in the ǫ-expansion live in this subspace, and also check that the subleading terms satisfy the anomalous Ward identity (2.9). In Appendix B we consider several six-dimensional nonplanar Feynman integrals which are IR finite, and we show that their integrated expressions are exactly DDCI.
Five-particle DDCI variables
Let us first consider the homogeneous Ward identity,
i.e. the case where the r.h.s. of Eq. (2.9) can be neglected. This applies to finite integrals or to the leading pole of a divergent integral, see Section 3.3. In the following we assume that I is dimensionless. For on-shell five-particle scattering, I can in general depend on four dimensionless variables. The latter can be chosen, e.g., as ratios of the Mandelstam variables, The Mandelstam invariants are Lorentz scalars, but the five-particle kinematics allows for nontrivial Lorentz pseudoscalars. Then it is also natural to build chiral DDCI variables out of the helicity spinors, In what follows we prefer the latter choice. So, the general solution to the homogeneous equation (3.1) is
In comparison to this, the full planar dual conformal symmetry, K µ I = 0 is much stronger. It eliminates four kinematic invariants. So, for a five-particle kinematics this symmetry only leaves the trivial solution I = const.
Constraints on the pentagon alphabet from DDCI
We now argue that we can derive stronger consequences of the DDCI if we combine it with the recently acquired knowledge of the space of functions appearing in the solution.
Let us begin with a brief review. Many classes of multi-point integrals, relevant for phenomenology, evaluate to hyperlogarithms, also called Goncharov polylogarithms. These are iterated integrals, with arguments depending on the dimensionless kinematic variables of the problem. The massless five-particle scattering is of this type. Instead of working directly with these multi-variable functions, which have an intricate branch cut structure and satisfy numerous functional relations, nowadays it is common to consider their symbols.
These are algebraic objects that reflect the iterated integral structure of the hyperlogarithms, but they lack the analytic information about the integration contour.
The arguments of the hyperlogarithm functions representing a given class of Feynman integrals can be characterized by an alphabet. Here we have in mind the pentagon alphabet [15] of 31 letters W i , i = 1 . . . 31, which are functions of the kinematic variables of the problem (for their definitions see Appendix A.4.2). A symbol of weight w is a linear combination of w-fold tensor products of the alphabet letters, which we denote by square brackets in what follows,
The symbols satisfy the logarithmic additivity property with respect to each tensor factor,
It takes a more transparent form if we replace the tensor factors by their logarithms, but we prefer not to do it for the sake of brevity. Each hyperlogarithm is represented by its symbol satisfying an integrability condition. Derivatives act on the symbol's last entry,
, reducing the weight by 1. This reflects the differentiation formula for the corresponding iterated integral. Thus if a given hyperlogarithmic function satisfies a differential equation, e.g. the Ward identity (2.9), so does its symbol.
Let us consider functions in the space of the pentagon alphabet. The question then is which combinations of these letters are invariant under (p 3 · K). We find ten solutions, The first three letters α 1 , α 2 , α 3 are parity odd (i.e. log α i , i = 1, 2, 3, changes sign under parity) and the remaining seven letters are parity even. As we discussed above, the ten letters are functions of three independent DDCI variables. The first three letters in (3.6) coincide with the variables defined in Eq. (3.3), i.e. x = W 26 , y = W 27 , z = W 30 . Then the ten solutions (3.6) are functions of x, y, z,
In view of the logarithmic additivity (3.5) the ten-letter alphabet can be equivalently chosen as follows
The first entry of the symbol representing a Feynman graph is related to its discontinuities. Table 1 . Number of parity even|odd integrable symbols up to weight four for the ten-letter {α} (3.6), five-letter {β} (3.10), and two-letter {γ} alphabets satisfying the first entry conditions.
only the following four combinations of the letters {α i } can serve as first entries in the framework of the ten-letter alphabet (3.6),
First entries for the {α} alphabet:
We note that integrals with an enhanced permutation symmetry, such as topology (i) in Section 3.3.2, which is invariant under the permutations of p 2 , p 3 , p 5 , will satisfy three DDCI relations. Let us consider the consequences of this symmetry. Introducing dual coordinates for each choice of the nonplanar loop momentum (p 2 , p 3 or p 5 ), we find that two of these three relations are independent. There are five solutions
which is a subset of the ten-letter alphabet, {β i } ⊂ {α i }. The five-letter alphabet allows only two first entries, First entries for the {β} alphabet:
We remark that the five-letter alphabet (3.10) can be equivalently expressed in terms of the following letters,
Finally, we mention that there exist planar integrals that are DDCI, but not DCI. In this case, the propagator factors in the denominator are not shifted and are dualconformally covariant, but one can construct numerators that are covariant under the directional symmetry only. Recall that a finite DCI five-particle integral is necessarily a constant, as there are no invariants. In the DDCI case, the starting point is (3.6), with the additional restriction that the first entry should be drawn from the set
Comparing to Eq. (3.9), we see that only the variable w = W 1 /W 4 fulfills this requirement. As a consequence, planar DDCI functions are given by the alphabet
The number of integrable symbols for the three alphabets up to weight four is summarized in Tab. 1. Figure 2 . Integrals of topology (a) with numerators N a1 (left) and N a2 (right). The arrows depict the fermion propagators and fermion external states that form the numerators.
Remarkably, the various alphabets that we encountered in this section are relatively simple. They all belong to a class of alphabets related to the moduli space of n marked points on a sphere [17] , with n = 6, 5, 4, respectively. All of these alphabets have appeared previously in physics applications. Here we mention especially the case n = 6, which appears in planar six-particle scattering in N = 4 sYM [18] . 4 
Checking the DDCI Ward identity for the leading poles: Weight two and three functions
Here we consider several two-loop integrals with DDCI integrands in D = 4. The dimensional regularization with D = 4 − 2ǫ, employed for treating the IR divergences, breaks the naive symmetry. The examples in this subsection allow us to verify that the functional expressions for the integrals satisfy the anomalous Ward identity (2.9) at the level of the leading pole in ǫ. In this way we provide evidence for the DDCI of the integrals, which extends the naive invariance of their integrands.
Topology (a)
We consider the nonplanar five-point integrals shown in Fig. 2 , 14) with numerators
It is easy to check that both integrands in (3.14) are DDC covariant in four dimensions. These integrals are of topology (a) according to the classification in Ref. [14] , but their numerators differ from those of the integrals contributing to the N = 4 sYM five-particle amplitude [3] . The reason for this choice is that the integrals in Fig. 2 have an improved IR behavior, For these integrals the only source of IR divergences is the regime in which the loop momentum ℓ 7 becomes collinear with the on-shell momentum p 3 
In this way we cut the middle propagator in the left diagram in Fig. 2 , and we find that the residue of the pole I
a 1 is given by a one-fold integral of a hexagon with numerator N a 1 ,
The arrows depict the fermionic propagators ℓ αα /ℓ 2 and fermionic external states |i , which are arranged in a way to form the numerator N a 1 . This one-loop integral is the 'magic' hexagon with chiral numerator considered in [22] . The hexagon is dual conformal in a generic six-particle kinematics. Its explicit expression was also given in [22] . So we obtain a very simple representation for the leading pole term of the integral I a 1 ,
Here u 1 , u 2 , u 3 are the dual conformal cross-ratios for the six-particle kinematics, Here the rational prefactor agrees with the analysis of the leading singularities of the integral I a 1 , and P 1 is a pure weight-three function whose symbol is given by We observe that P 1 depends only on the 10 letters in Eq. (3.6). Equivalently, it can be written in terms of the 10 letters (3.8), and is a function of x, y, z only. So we see that the Ward identity (p 3 · K)P 1 = 0 is satisfied, as expected. 5 The residue I
a 2 of the second integral is obtained in a similar manner. Extracting the pole of I a 2 with the help of (3.17), we represent I (3) a 2 as a one-fold integral of a hexagon with numerator N a 2 . It is the other 'magic' hexagon from [22] Here we observe two leading singularities, both DDCI (see (A.23)). The pure weight-three functions P 2 and P 3 are represented by the following symbols They depend only on the reduced alphabet (3.6), and hence the Ward identity for the leading term I
a 2 is satisfied.
Topology (i)
Our final example is the integral I (i) depicted in Fig. 3 , [14] . This integral appears in the N = 4 sYM five-particle amplitude [3] . Its ǫ-expansion has the form
where the pole and finite terms are known [15] . Here and in the next subsection we show that these nontrivial functions satisfy the DDCI Ward identity (2.9), not only at the level of the leading but also the subleading pole. The latter is an example of the DDCI anomaly introduced by the IR divergences. The integral (3.27) diverges in the region where the loop momenta become collinear with the external momenta. Each of the two loop momenta can be collinear with one of p 2 , p 3 , p 5 . In order to extract the leading pole contribution to I (i) we apply the trick (3.17) twice. Choosing the collinear region specified by the momenta p 2 , p 3 , we combine the propagators ℓ 1 and ℓ 2 giving a 1/ǫ pole, and the propagators ℓ 3 and ℓ 4 giving another 1/ǫ pole. Both loop integrations are localized and the remaining diagram has tree topology. We need to sum over the three possible choices of two momenta out of three, S = {(2, 3), (2, 5), (3, 5)}, with the result
. (3.29)
After the ξ integration the three terms in (3.29) become identical and we find the leading pole in agreement with [15] ,
It belongs to the pentagon function subspace characterized by the five-letter alphabet (3.10), and consequently it is DDCI.
Implications of DDCI for the subleading poles
Substituting the ǫ-expansion (3.28) in the anomalous Ward identity (2.8), we expect that the subleading term satisfies the inhomogeneous equation
where we use the dual coordinates (2.1) for n = 5. In order to evaluate the r.h.s. of (3.31) we combine pairs of propagators and localize both loop integrations, as in the calculation of I
(i) . We obtain three contributions,
where we use the short-hand notations
Evaluating the two-fold integral in (3.32) we obtain the explicit expression for the r.h. One can easily see that the anomaly involves more than the ten letters (3.6). Indeed, we do not expect that the anomaly itself be DDCI. The symbol T 1 is parity even, and T 2 is parity odd, and the whole expression (3.34) is parity odd due to the pseudoscalar factor 4iǫ(p 1 , p 2 , p 3 , p 4 ). This is consistent with the fact that the integral (i) itself is parity odd. The explicit expression for the symbol of I
(i) is known [15] . It belongs to the full 31-letter pentagon space. We have checked that the variation (p 3 · K) of the symbol of I (3) (i) coincides with Eq. (3.34). Thus we have explicitly verified that the Ward identity (3.31) is satisfied.
The subleading pole of the integral (i) allowed us to probe the inhomogeneous Ward identity (2.9). This is a very nontrivial check, demonstrating the implications of directional dual conformal symmetry for IR divergent integrals, which are not exactly DDCI.
In App. B we provide further examples of the Ward identity (2.9) at work. We consider finite 6D integrals, and demonstrate that the DDCI of their integrands implies the exact DDCI invariance of the integrated expressions.
Discussion and outlook
The restriction of dual conformal symmetry to one projection of the special conformal transformation is relatively weak, removing one variable only. On the other hand, we argued that, with some additional information the symmetry can be used effectively to constrain the possible function space. Starting from the pentagon alphabet [15, 16] , we showed that the symmetry reduces the latter drastically, namely from 31 to 10 letters.
There are several remarkable features of the 10-letter alphabet we found:
• It is a very well-known alphabet, corresponding to six marked points on the sphere [17] . Moreover, the same alphabet also describes (conjecturally) planar dual conformal six-particle scattering amplitudes [18] . 6 • It is a subset of the planar pentagon alphabet from Ref. [16] For both of these observations, one should keep in mind that while the alphabets are related to those two cases, the specific functions that can appear (e.g. in a classification of integrable symbols) are different. The reason for this is that the first-entry conditions differ. Nevertheless, the two observations suggest to us an intriguing simplicity of DDCI pentagon functions. As we discuss below, this is also relevant for constraining pentagon remainder functions. It would be interesting to investigate the cluster algebra properties of nonplanar dual conformal integrals, similar to the planar case [23, 24] .
Having a much smaller alphabet, and with nice algebraic properties, is a huge simplification. Generic five-particle integrals were already successfully bootstrapped within the 31-letter alphabet [15, 16] . Our result suggests that this method can be particularly powerful when applied to DDCI integrals.
We argued that for divergent integrals, the leading pole should be exactly DDCI. One might think that the leading pole of an integral is rather trivial, but this is not always the case. We demonstrated the invariance explicitly in a number of non-trivial cases, where the leading pole is given by weight two and weight three functions. As predicted, the leading pole is expressed in terms of the alphabet (3.8).
Moreover, we showed how to use the Ward identity to constraint the subleading poles of integrals. In order to achieve this, we used knowledge of the origin of the collinear divergences, which allowed us to determine the inhomogeneous term of the DDC Ward identity. Using a known result from Ref. [15] , we verified this latter identity successfully.
Furthermore, in Appendix B we presented examples of finite DDCI integrals. They include cases where in addition to the DDC symmetry, also the original conformal symmetry is present. Understanding the implications of the latter for on-shell integrals is a difficult question, but recent progress has been made [20, 21] . It is enticing to think about 'Yangian' invariant objects having both symmetries, in analogy with the planar case [25, 26] .
All integrals appearing in the two-loop five-particle N = 4 sYM amplitude are DDCI with respect to some external momentum [14] . As different integrals in the amplitude are invariant with respect to DDC generators projected along distinct legs, it is natural to decompose the amplitude according to A = 5 i=1 A i , with each partial amplitude A i annihilated by the DDC generator projected along p i . Of course, this invariance is only formal, due to infrared divergences.
In the planar case, these divergences, as well as how exactly they break the DCI, were understood thanks to the duality with Wilson loops. In this way, an all-orders dual conformal Ward identity was formulated. The amplitude could then be expressed as a particular solution to that identity, plus a remainder function [7] (and, in the case of non-MHV amplitudes, ratio function [8] ) that is exactly DCI. It will be very important to investigate whether a similar understanding can be achieved in the present context. See Refs. [1, 27] for the current status of infrared divergences for nonplanar scattering amplitudes, and Ref. [28] for attempts at generalizing the scattering amplitudes / Wilson loop duality beyond the planar limit.
While the most suitable definition of the partial amplitudes A i , and the precise form of an all-order Ward identity remain to be discovered, we can already anticipate to what extent such an equation can fix the answer. Our results show that any such remainder function can depend on three variables x, y, z only, see Eq. (3.3). Moreover, together with the conjectured pentagon function space [15] , only the small subset (3.8) of alphabet letters needs to be considered.
A Dual conformal symmetry
In this Appendix we summarize the necessary information about dual conformal symmetry and its directional version. We analyze various ways of constructing invariants.
A.1 Spinor conventions
We use the two-component spinor conventions of Ref. [29] . They include the definitions of the Levi-Civita tensors
and of a four-vector as a two-by-two matrix,
These matrices satisfy the following identities (here x · y = x µ y µ ):
where ǫ(x, y, z, t) = ǫ µνλρ x µ y ν z λ t ρ and ǫ 0123 = −1. We define the inverse matrix x −1 by the relations
A.2 Conformal inversion and infinitesimal boosts
It is well known that the conformal group SO(2, 4) can be generated by two operations, translation and inversion. In particular, a special conformal transformation (boost) can be viewed as a succession of inversion, translation and another inversion, K = IP I. Under inversion a spacetime point transforms as follows,
The difference of two points x ij = x i − x j is translation invariant and has the homogeneous inversion law (from here on we do not display the spinor indices)
We deduce that strings of matrices with consecutive labels also transform covariantly, e.g,
This is however not true for strings with a label gap, e.g., x 12x35 , etc. We can use the inversion law to obtain a finite conformal boost transformation. After the first inversion we make a finite shift with parameter B followed by another inversion:
Here I ≡ δ β α andĨ ≡ δβ α . From this we derive the infinitesimal transformation with parameter b → 0:
(A.9)
For covariant strings like in (A.7) we find
Observe that this homogeneous transformation involves matrix weights at the end points i, k and a scalar weight at the middle point j. The trace of an even number of matrices is covariant if there are no label gaps between neighboring matrices, e.g.
From (A.11) we see that the notion of a lightlike vector, x 2 ij = 0, is conformal. Of course, the same results can be obtained with the four-vector form of the conformal boost generator (2.4), but we find the matrix composition rules more convenient and transparent.
A.2.1 Spinor-helicity variables
Lightlike vectors, e.g. the on-shell momenta p i , can be expressed in terms of spinor-helicity variables defined by the standard relation
(A.13)
Using the transformation law (A.9) we obtain
from where we can read off the transformations of the spinor-helicity variables
Then, other natural dual-conformal covariants are formed by strings of even or odd numbers of matrices, sandwiched between a pair of helicity spinors which compensate the transformations at the end points of the string,
A.3 Conformal boosts along a lightlike direction
If strings of matrices with a label gap are not conformally covariant in general, in Ref. [14] it was proposed to consider a subgroup of the conformal group, under which such objects are still covariant. To illustrate the idea, consider the lightlike vector 7 x 43 , with x 2 43 = 0, and make the special choice of conformal boost parameter b = εx 43 with ε → 0. Then from (A.9) we obtain δ εx 43 x 43 = εx Ref. [14] proposes to study the conformal properties of nonplanar integrals obtained from planar ones by attaching a single additional leg (p 3 in their convention). Then they introduce dual coordinates that also include the new leg. For example, for nonplanar configurations with five massless legs we can choose
The loop momenta are represented by internal dual points, e.g., x 6 and x 7 in Fig. 1 . In the planar case all the propagators can be put in the dual form 1/x 2 ij , in the nonplanar case this is not possible. Then the main claim of Ref. [14] is that for certain nonplanar integrals one can preserve part of the dual conformal symmetry. The typical situation occurs when the attachment of leg p 3 causes a shift of the momentum in some propagator by p 3 = x 43 . After the shift (with a numerical factor γ = ±1) the inverse propagator becomes
We keep the convention of Ref. [14] to use leg p3 for creating nonplanar topologies, but we prefer a different labeling of the dual points, see (A. 19) , in which p3 = x43.
We want to show that the new 'hatted' intervalx 2 ij transforms exactly as the original one. From (A.17) we know that we need to transform only x ij according to (A.9):
exactly as the transformation of x 2 ij , see (A.11). Hence the shifted inverse propagator is indeed covariant with the same weights as the unshifted. This is the key observation which allows us to construct directional dual conformal invariants (DDCI).
A.3.1 DDC transformations of spinor-helicity variables
The transformations (A.15) of the spinor-helicity variables with the special parameter b = ε|3 [3| become
With this we find that most of the Lorentz invariant brackets ij = λ α i λ α j and [ij] =λα iλα j transform covariantly (here κ i = 2εp 3 · x i , with κ 3 = κ 4 ): The brackets 14 and 25 and their conjugates [14] , [25] are not covariant.
A.4 Constructing DDCI expressions
A.4.1 Invariant ratios and cross-ratios
We have seen that the simple covariants like x 2 ij can be deformed by a shift along the direction of x 43 without changing their directional transformation properties. This allows us to immediately construct the following DDCI:
for every x 2 ij = 0. The same logic applies to the trace of longer strings like
They transform covariantly with weight 2x 43 · (x i + x k ) at the end points, in addition to the usual weights 2x 43 · (x j 1 + . . . + x jn ) at the internal points (see (A.10) The number of independent DDCI variables can be determined as follows. For 5 lightlike momenta with momentum conservation one has 5 independent kinematical invariants s ij = 2p i · p j , or 4 dimensionless ratios of them. The single condition of DDCI (A.24) can eliminate one of them. So, it is always possible to find 3 independent variables that satisfy (A.24). In practice, we can take any 3 of theû ij as the independent DDCI.
Let us compare this type of DDCI to the familiar cross-ratios made from four points,
Clearly, the condition for the existence of such invariants is that all the relevant x 2 pq = 0. In particular, in a five-particle kinematics like (A.19) no such cross-ratios exist. Still, we can define DDCI of the type (A.24). We can also define DDCI cross-ratioŝ
This definition makes sense even if, e.g., x 2 ij = 0 because the deformed intervalx 2 ij = 0. Such invariants appear in our discussion of the hexagon integral (3.19) . This planar integral has a dual space description with six dual points y 1 , . . . , y 6 shown in Fig. 4 . Being fully dual conformal, the integral is a function of the 3 cross-ratios (3.20) . In terms of the dual coordinates y i they read 5 . This results in the total weight −(κ 1 + κ 2 ) of the integral (3.23), which is also the weight of the result of the ξ−integration in (3.24). We conclude that both forms of the residue I 
A.4.2 Chiral invariants
The planar pentagon alphabet has been introduced in [16] and extended to the 31-letter nonplanar case in [15] ,
The letters here are split in groups of five related by cyclic permutations, except for the cyclic invariant W 31 . The two-particle invariants are s jk = 2(p j · p k ) and the particle momenta are enumerated cyclically, p 6 ≡ p 1 . The numerators and denominators differ by the chirality of the trace (see (A.30)), i.e. they are complex conjugate, so these letters are pure phases. Therefore it is enough to show, with the help of the table (A.23), that the denominators are covariant, the numerators transform with the same (real) weights and the ratios are invariant. 8 The set of pure phase letters contains two more members, W 28 and W 29 . They involve the noncovariant brackets 14 and 25 and hence are not DDCI in the sense of (p 3 · K), but are invariant under other projections of K. Figure 5 . Finite six-dimensional integrals. Dots denote doubled propagators.
B Finite six-dimensional integrals with the DDCI
In this section we present examples of finite six-dimensional DDCI integrals. We show a mechanism for finding an integral representation that makes the DDCI manifest. This is achieved by writing the next-to-planar integral as a one-fold integral over a planar DCI integral. We also provide an example that has both the DDCI, as well as ordinary conformal symmetry. This can be thought of as the analog of the 'Yangian' invariant planar box integral [25] , and its generalizations, see e.g. [26] . Consider the integral shown in Fig. 5(a) . We call I 5(a) the scalar integral, defined in six dimensions. The kinematics is p 2 1 = p 2 3 = p 2 4 = 0, and p 2 2 = 0, p 2 5 = 0. The integral is finite, both in the ultraviolet and in the infrared. It is next-to-planar, with the light-like leg p 3 leading to the nonplanarity. By power counting it is simple to see that each subintegral is dual conformal. Hence it is DDCI under (p 3 · K).
For integrals of this type, that do not involve any loop-dependent numerator factors, it is straightforward to make the DDCI manifest. This can be seen by relating the integral to a planar integral. We achieve this via the standard trick of Feynman-combining two propagators adjacent to the on-shell leg p 3 (see also (3.17)),
(B.1)
In this way, we obtain the integral representation As a check, we mention in passing that the integral satisfies the D'Alembert equation [4] , which in the present case takes the form
. (B.10)
We comment that when using Eq. (B.2) in practice, care has to taken to keep track of the i0 prescription of the Feynman propagators. From the discussion in Appendix A we know that the deformation along p 3 of the dual conformal cross-ratios in Eq. (B.4) preserves the DDCI. We conclude that for next-toplanar integrals without numerator factors, the DDCI follows straightforwardly from the ordinary dual conformal symmetry of an associated planar integral.
Finally, we mention a particularly interesting class of finite integrals that have both DDC invariance, as well as ordinary conformal symmetry [20] . There are many such integrals. Here, we give one example that may be relevant for seven-and higher-particle scattering amplitudes, see Fig. 5(c) . Given the structure of the massless corners, we may relate this integral to the planar integral that we just computed. In complete analogy with the above discussion, we can introduce five ξ variables, yielding the integral representation with the parametrization of u, v following from the kinematics of Fig. 5(c) .
